Let {c(n)} be a complex null sequence such that for some integer m > 1 and some p £ ( 1, 2] oo J2 \Amc(n)\p < co and JZ |A(c(n) -c(-«))| lgn< oo. . An important consequence of the main result is that nAc(n) = 0(1), |n| -» oo, implies that the condition Cw is equivalent to the de la Vallée Poussin summability of partial sums (S"(c)} as conjectured in [8] .
Introduction
Recently in [13, 12] complex sequences of bounded variation of an integer order m > 1 have been used to study pointwise convergence of trigonometric series and the integrability of p powers (0 < p < 1) of their sums. A complex sequence c = {c(«)}|n|<oo = {c(«)} is of bounded variation of order m > 1 if Here we propose to study convergence and integrability of senes Y cin)eint, t£T = R/2; |n|<oo using some techniques from //-space, 1 < p < 2. This naturally leads to a generalization of bounded variation of order m . Specifically, if for some integer m > 1 and some real p > 1 (1.1) £ \Amcin)\p<™, \n\<oo we say that {ein)} is of bounded variation of order (w,p). The concept of modified cosine sums, as introduced in [6] and later in [4] , is applied to the problem of the Fourier character of the cosine trigonometric series and to Lx-convergence of cosine Fourier series. In the case of complex coefficients the modified sums are defined as follows [2] ,
where Ekit) -Y!]=oelit > an<* At is the Dirichlet kernel.
The modified sums in [6, 4] are defined for even coefficients. To compensate for the lack of evenness in the complex case we shall assume that {c(n)} is weakly even (see [2, 11] ), i.e.,
n=\ Let Sn(a) = S"(a, t) = ao/2 + Ylk=\ ak coskt, t £ (0, n], where {an} is a real null sequence of bounded variation. Then lim"5"(a, t) -f(t) exists in (0, it]. Notice that G"(a, t) = S"(a, t) -an+xDn(t). In [3] it is proved that ||/ -Gn(a)\\L\(o,n) = °(1) > « -» oo, is equivalent to the following:
for every e > 0 there exists 3(e) > 0, independent of n, such that (W) I Jo dt < e, for all n.
The purpose of this paper is to study trigonometric series with complex null coefficients of bounded variation of order (w, p), satisfying (1.3) and (^), and by using //-estimates, p > 1, to show that such series converge a.e. to the integrable limits.
Main result
For some integer m > 1 and some p > 1, let BVfm, p) denote the class of all complex null sequences for which (1.1) holds. Let Ww denote the class of all weakly even complex sequences such that for every e > 0 there exists ¿(e) > 0, independent of n , and such that /^2
[Ac(k)]Dk(t) dt<e, for all n. Proof. To prove (i) assume that for some integer m > 1 and some p > 1,(1.1) holds. The case p = 1 is resolved in [13] . Suppose p > 1. Since
the well-known theorem of F. Riesz [7] guarantees that the series
is the Fourier series of some h £ Lq(T), l/p + l/q = I. The convergence theorem of R. Hunt [5] says that (2.1) converges a.e.
Consider the identity from [13] , for t ^ 0
where tu(r) = 1 -e~" . Then for t ^ 0 it follows that lim5"(c,í) = /(í) exists a.e.. This completes the proof of (i). For the proof of (ii) we write /(f) = J2 cin)eint, t£T-{0}, \n\<oo in the a.e. sense established in (i). Notice that
Hence, for t ^ 0 limC7"(c,í) = /(í) a.e., n and oo oo
Using the identity (2.2) we have for t ■£ 0
.(Am-1-7C(" +;-+ ,)se/(n+j+l)ij
;'=n+l
Therefore for S > 0 we have k=n+\ Given s > 0 there exists <5(e) > 0 and there exists «o(ß) such that each term on the right-hand side of the last inequality is less than e/8, whenever n > noie). Hence ||/-C7"(c)|| < e, whenever n > «o(e). Since G nie) is a polynomial, we have / e L'(T). This concludes the proof that the series £i"i<00 cin)e"" is the Fourier series of its sum /, i.e., c = f.
Slowly varying convergence moduli of order m
In a recent study [9] of Lx-convergence of Fourier series, the concept of convergence moduli is introduced. Let {ein)} be a sequence of complex numbers and let It is quite natural to extend the concept of convergence moduli to include the sequential behavior of wth differences of coefficients of the trigonometric transforms.
Definition 3.1. Let {c(«)} be a sequence of complex numbers, and let (3.1) be its trigonometric transform. The convergence modulo of integer order m > 1 of (3.1) is defined as
The following lemma is needed in the proof of the main result of this section. Although the main theorem in this section is a corollary to Theorem 2.1, it has an independent interest because it relates the pointwise convergence and the integrability of the sum function to the Tauberian condition (3.4), which, as shown in Lemma 3.1, implies the slowly varying nature of the convergence modulo of order m > 1.
The following theorem is our main result in this section. Theorem 3.1. Let {ein)} be a complex null sequence and for some p £ (1, 2] and some O-regularly varying sequence {/?(«)} let (3.5) Kpic,m) = lgRin). where Ci and C2 are absolute constants. Since the series on the right-hand side of the above inequality is convergent and the second term in the inequality is o(l), n -* oo, we have that the series on the left-hand side of the same inequality is convergent. This proves that the sequence {c(n)} £ BV(m,p). The rest of the proof proceeds as in Theorem 2.1.
The independent interest of Theorem 3.1 is best seen in the following corollary, where condition (3.5) is now replaced by a somewhat stronger condition intrinsic to {c(n)}. where C3 and C4 are absolute constants, it follows that {ein)} £ BVim, p), which completes the proof.
In particular, if for some m > 1, «Amc(«) = 0(1), \n\ -* 00, then (3.6) holds. Hence we have a special case of Corollary 3.1.
The above results and remarks may also be helpful in unravelling the condition Ww . It has been conjectured in [8] that for certain classes of sequences {ein)} the condition fêw is equivalent to certain summability methods. To this end we have the following proposition. Proposition 3.1. Let {ein)} be a complex null sequence such that (3.7) «Ac(n) = 0(l), |/i|-oo. Then (i) limnSnic, 0=/(0 o.e.;
(ii) {ein)} £ ^w is equivalent to 
